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INTRODUCTION
Baxter algebras and the umbral calculus are two areas in mathematics
that have interested Rota throughout his life time and in which he has
made prominent contributions. We will show in this paper that these two
areas are intimately related.
The umbral calculus is the study and application of certain types of
sequences of polynomials, namely sequences of binomial type and other
related sequences. Let C be a commutative ring with identity. A sequence
pnx  n ∈  of polynomials in Cx is called a sequence of binomial
type if
pnx+ y =
n∑
k=0
pkxpn−ky ∀ y ∈ C n ∈ 	
Such sequences have fascinated mathematicians since the 19th century
and include many of the most well-known sequences, such as the ones
named after Abel, Bernoulli, Euler, Hermite, and Mittag-Lefﬂer. Even
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though polynomials of binomial type proved to be useful in several areas
of mathematics, the foundation of umbral calculus was not ﬁrmly estab-
lished for over a century since its ﬁrst introduction. This situation changed
completely in 1964 when G.-C. Rota [15] indicated that the theory can be
rigorously formulated in terms of the algebra of functionals deﬁned on the
polynomials, later known as the umbral algebra. Rota’s pioneer work was
completed in the next decade by Rota and his collaborators [13, 14, 17].
Since then, there have been a number of generalizations of the umbral
calculus [4, 9, 10, 13, 18].
During the same period of time in which Rota embarked on laying down
the foundation of the umbral calculus, he also started the algebraic study
of Baxter algebras which was ﬁrst introduced by Baxter in connection with
ﬂuctuation theory in probability [2]. Fundamental to the study of Baxter
algebras is the important works of Rota [16] and Cartier [3] that gave con-
structions of free Baxter algebras. By using a generalization of the shufﬂe
product in topology and geometry, the present author and Keigher gave
other constructions of free Baxter algebras [7, 8]. These constructions are
applied to the further study of free Baxter algebras [1, 5, 6].
Our ﬁrst purpose in this paper is to give a characterization of umbral
calculus in terms of free Baxter algebras. We show that the umbral algebra
is the free Baxter algebra of weight zero on the empty set. We also charac-
terize the polynomial sequences studied in the umbral calculus in terms of
operations in free Baxter algebras.
The second purpose of this paper is to use the free Baxter algebra
formulation of the umbral calculus we have obtained to give a generaliza-
tion of the umbral calculus, called the λ-umbral calculus, for each constant
λ in the base ring C. The umbral calculus of Rota is the special case when
λ = 0.
For simplicity, we only consider sequences of binomial type in this
paper. The study of other sequences in the umbral calculus, such as
Sheffer sequences and cross sequences, can be similarly generalized to
our setting. We hope to explore possible roles played by Baxter algebras
in other generalizations of the umbral calculus. We also plan to give a
formulation of the umbral calculus in terms of coalgebras with operators
by combining the approach in this paper and the coalgebra approach in
[11, 14]. These projects will be carried out in subsequent papers.
The layout of this paper is as follows. In Section 1, we review the
umbral calculus and give a characterization of umbral calculus in terms
of Baxter algebras. In Section 2, we deﬁne sequences of λ-binomial type
and formulate the basic theory of the λ-umbral calculus that generalizes
the classic theory of Rota. In Section 3, under the assumption that C is a
-algebra, we give an explicit construction of sequences of λ-binomial type.
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We also study the relation between the λ-binomial sequences and the classic
binomial sequences.
1. THE UMBRAL CALCULUS AND UMBRAL ALGEBRA
1.1. Background on the Umbral Calculus
We ﬁrst recall some background knowledge on the umbral calculus. See
[13, 17] for more details.
Let  be the set of non-negative integers and let C be a commutative ring
with identity. Let Cx be the C-algebra of polynomials with coefﬁcients in
C. The main objects to study in the classical umbral calculus are special
sequences of polynomials called sequences of binomial type and Sheffer
sequences.
Deﬁnition 1.1. (1) A sequence pnx  n ∈  of polynomials in
Cx is called a sequence of binomial type if
pnx+ y =
n∑
k=0
pn−kxpky ∀ y ∈ C n ∈ 	
(2) Given a sequence of binomial type pnx, a sequence snx 
n ∈  of polynomials in Cx is called a Sheffer sequence relative to
pnx if
snx+ y =
n∑
k=0
pn−kxsky ∀ y ∈ C n ∈ 	
In order to describe these sequences, Rota and his collaborators studied
the dual of the C-module Cx and endowed the dual with a C-algebra
structure, called the umbral algebra. It can be deﬁned as follows. Let tn 
n ∈  be a sequence of symbols. Let  be the C-module ∏n∈ Ctn, where
the addition and scalar multiplication are deﬁned componentwise. Deﬁne
a multiplication on  by assigning
tmtn =
(
m+ n
m
)
tm+n m n ∈ 	 (1)
This makes  into a C-algebra, with t0 being the identity. The C-algebra
 , together with the basis tn is called the umbral algebra. When C is a
-algebra, it follows from Eq. (1) that
tn =
tn1
n!
 n ∈ 
and so  ∼= Ct1 as a C-algebra. But we want to emphasize the special
basis tn.
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One then identiﬁes  with the dual C-module of Cx by taking tn to
be the dual basis of xn. In other words, tk is deﬁned by
tk  Cx → C xn → δkn k n ∈ 	
Rota and his collaborators removed the mystery of sequences of binomial
type and Sheffer sequences by showing that these sequences have a simple
characterization in terms of the umbral algebra.
Let fn n ≥ 0, be a pseudo-basis of  . This means that fn n ≥ 0 is
linearly independent and generates  as a topology C-module where the
topology on  is deﬁned by the ﬁltration
Fn =
{ ∞∑
k=0
cntn  cn = 0 n ≤ k
}
	
A pseudo-basis fn n ≥ 0, is called a divided power pseudo-basis if
fmfn =
(
m+ n
m
)
fm+n m n ≥ 0	
Much of the foundation for the umbral calculus can be summarized in the
following theorem.
Theorem 1.2 [14]. Let C be a -algebra.
(1) A polynomial sequence pnx is of binomial type if and only if it
is the dual basis of a divided power pseudo-basis of  .
(2) Any divided power pseudo-basis of Ct is of the form fnx =
f nt/n! for some f ∈ Ct with deg f = 1 (i.e., f t =∑∞k=1 cktk c1 = 0).
Sheffer sequences can be similarly described.
1.2. Baxter Algebras
We will give a characterization of the umbral calculus in terms of Baxter
algebras. For the convenience of the reader, we recall deﬁnitions and basic
properties on Baxter algebras. For further details, see [7].
Deﬁnition 1.3. Let A be a C-algebra and let λ be in C.
(1) A C-linear operator P A → A is called a Baxter operator of
weight λ if
PxPy = PxPy + PyPx + λPxy x y ∈ A	
(2) The pair AP, where A is a C-algebra and P is a Baxter
operator on A of weight λ, is called a Baxter C-algebra of weight λ.
We often suppress λ from the notations when there is no danger of
confusion.
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Deﬁnition 1.4. Let A be a C-algebra. A free Baxter algebra on A of
weight λ is a weight-λ Baxter algebra FA PA together with a C-algebra
morphism jA A → FA such that, for any weight-λ Baxter algebra RP
and any C-algebra morphism f  A→ R, there is a unique weight-λ Baxter
algebra morphism f˜  FA PA → RP with f˜ ◦ jA = f .
A Baxter algebra is called complete if it is complete under a natural
topology induced by the Baxter operator. Free Baxter algebras and free
complete Baxter algebras were constructed in [7, 8], generalizing the work
of Cartier [3] and Rota [16]. In the special case when A = C, we have
Theorem 1.5 [8]. Let UλC be the direct product
∏
n∈ Cun of the rank
one free C-modules Cun n ∈ .
(1) With the product deﬁned by
umun =
m∑
k=0
(
m+ n− k
n
)(
n
k
)
λkum+n−k m n ∈ 
UλC becomes a C-algebra.
(2) The operator
PC  UλC → UλC un → un+1 n ∈ 
is a Baxter operator of weight λ on the C-algebra UλC. Further, the pair
UλCPC is the free complete Baxter algebra on C.
Proposition 1.6. Fix λ ∈ C. Let vnn be a pseudo-basis of UλC. The
following statements are equivalent.
(1) vmvn =
∑m
k=0
(
m+ n− k
n
)(
n
k
)
λkvm+n−k m n ∈ 	
(2) The operator
Pv UλC → UλC vn → vn+1 n ∈ 
is a Baxter operator of weight λ on the C-algebra UλC. Further, the pair
UλCPv is the free complete Baxter algebra on C.
Proof. The proposition follows immediately from the deﬁnition.
Deﬁnition 1.7. Let vnn be a pseudo-basis of UλC. If any of the
equivalent conditions in Proposition 1.6 is true, we call vnn a λ-divided
power pseudo-basis of UλC.
We can now give a characterization of the umbral algebra and polynomial
sequences of binomial type.
Theorem 1.8. (1) The umbral algebra is the free complete Baxter algebra
of weight zero on C.
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(2) Let pnxn∈ be a sequence of polynomials in Cx. Then
pnxn is of binomial type if and only if it is the dual basis of a divided
pseudo-basis of UλC.
2. THE λ-UMBRAL CALCULUS
We now develop the theory of the λ-umbral calculus. We will construct
the λ-umbral algebra and establish the relation between the λ-umbral cal-
culus and λ-umbral algebra. In the special case when λ = 0, we have the
theory started by Rota on the umbral calculus.
2.1. Deﬁnitions
In view of Theorem 1.8, we will study the following generalization of the
umbral calculus. In order to get interesting examples, we will work with
Cx instead of Cx.
Deﬁnition 2.1. A sequence pnx  n ∈  of power series in Cx
is a sequence of λ-binomial type if
pnx+ y =
n∑
k=0
λk
n∑
i=0
(
n
i
)(
i
k
)
pn+k−ixpiy ∀ y ∈ C n ∈ 	
When λ = 0, we recover the sequences of binomial type. We also note
the following symmetric property.
Lemma 2.1. A sequence pnx  n ∈  of power series in Cx is a
sequence of λ-binomial type if and only if
pnx+ y =
n∑
k=0
λk
n∑
i=0
(
n
i
)(
i
k
)
pixpp+k−iy ∀ y ∈ C n ∈ 	
Proof. We have
n∑
k=0
λk
n∑
i=0
(
n
i
)(
i
k
)
pn+k−ixpiy
=
n∑
i=0
n∑
k=0
λk
(
n
i
)(
i
k
)
pn+k−ixpiy
=
n∑
i=0
i∑
k=0
λk
(
n
i
)(
i
k
)
pn+k−ixpiy
=
n∑
i=0
n∑
j=n−i
λj−n+i
(
n
i
)(
i
j − n+ i
)
pjxpiy
use substitution j = n+ k− i k = j − n+ i
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=
n∑
i=0
n∑
j=0
λj−n+i
(
n
i
)(
i
j − n+ i
)
pjxpiy
=
n∑
j=0
n∑
i=0
λj−n+i
(
n
i
)(
i
j − n+ i
)
pjxpiy
=
n∑
j=0
j∑
=j−n
λ
(
n
i
)(
i

)
pjxpn+−jy
using substitution  = j − n+ i i = n+ − j
=
n∑
j=0
n∑
=0
λ
(
n
i
)(
i

)
pjxpn+−jy
=
n∑
=0
n∑
j=0
λ
(
n
i
)(
i

)
pjxpn+−jy	
This proves the lemma.
Deﬁnition 2.2. Fix a λ ∈ C. The algebra UλC =
∏
n Cun, together with
the λ-divided power pseudo-basis unn, is called the λ-umbral algebra.
Fix a pseudo-basis  = qnx of Cx of λ-binomial type (see
Section 3 for the existence of such sequences). Let C be the submod-
ule of Cx generated by the pseudo-basis . As in the case of λ = 0,
we identify UλC with the dual C-module of C by taking un to be the
dual basis of qnx. Thus each element of UλC can be regarded as a
functional on C. We denote   λ for the resulting pairing
UλC ⊗ C → C	
It is characterized by
un  qkλ = δkn ∀n k ∈ 	 (2)
Lemma 2.2. The paring   λ is pseudo-perfect in the sense that
(1) for a ﬁxed u ∈ UλC, if u  f xλ = 0 ∀f x ∈ C, then u = 0,
and
(2) for a ﬁxed f x ∈ C, if u  f xλ = 0 ∀u ∈ UλC, then
f x = 0.
Proof. It follows from Eq. (2) and the fact that un and qk are
pseudo-bases.
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2.2. Basic Properties
The following elementary properties can be proved in the same way as
in the classical case [13].
Proposition 2.3. Let pnx ⊂ C be a sequence of λ-binomial type.
Let vn ⊂ UλC be the dual basis of pnx.
(1) (The Expansion Theorem) For any u ∈ UλC,
u =
∞∑
n=0
u  pnxvn	
(2) (The Polynomial Expansion Theorem) For any px ∈ C, we
have
px =
∞∑
n=0
vn  pxpnx	
Note that UλC acts on itself on the right, making UλC a right UλC-
module. This UλC-module structure, through the pairing   λ , makes
C into a left UλC-module. More precisely, for u ∈ UλC and f ∈ C,
the element uf ∈ C is characterized by
v  uf λ = vu  f λ ∀ v ∈ UλC	 (3)
Proposition 2.4. With the notation above, we have
ukqnx =
k∑
i=0
λi
(
n
k
)(
k
i
)
qn−k+ix ∀k n ∈ 	
Proof. For each m ∈ , we have
um  uksnλ = umuk  snλ
=
〈 m∑
i=0
λi
(
m+ k− i
m
)(
m
i
)
um+k−i
∣∣sn
〉
λ
=
m∑
i=0
λi
(
m+ k− i
m
)(
m
i
)
δm+k−in
=
m∑
i=0
λi
(
m+ k− i
m
)(
m
i
)
δmn−k+i
=
∞∑
i=0
λi
(
m+ k− i
m
)(
m
i
)
δmn−k+i
(
i > m⇒
(
m
i
)
= 0
)
=
∞∑
i=0
λi
(
n
n− k+ i
)(
n− k+ i
i
)
δmn−k+i
(the deﬁnition of δmn−k+i ⇒ m = n− k+ i
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=
∞∑
i=0
λi
(
n
n− k+ i
)(
n− k+ i
i
)
um  sn−k+iλ Eq	 2
=
∞∑
i=0
λi
(
n
k
)(
k
i
)
um  sn−k+iλ
((
n
n− k+ i
)(
n− k+ i
i
)
=
(
n
k
)(
k
i
))
=
k∑
i=0
λi
(
n
k
)(
k
i
)
um  sn−k+iλ
(
i > k⇒
(
k
i
)
= 0
)
=
〈
um
∣∣∣∣
k∑
i=0
λi
(
n
k
)(
k
i
)
sn−k+i
〉
λ
	
Now the proposition follows from Lemma 2.2.
Proposition 2.5. Let  = qnx be the ﬁxed sequence of λ-binomial
type. For any u v ∈ UλC, we have
uv  qnxλ =
n∑
k=0
n∑
i=0
λk
(
n
i
)(
i
k
)
u  qn+k−ixλ v  qixλ	 (4)
Proof. By Proposition 2.3, we have
u =
∞∑
n=0
u  qnxλ un
and
v =
∞∑
n=0
v  qnxλ un	
Then we have
uv=
∞∑
m=0
∞∑
k=0
u qkxλ v qm−kxλ ukum−k
=
∞∑
m=0
∞∑
k=0
u qkxλ v qm−kxλ
k∑
i=0
λi
(
m−i
k
)(
k
i
)
um−i
Proposition 1.6
=
∞∑
m=0
∞∑
k=0
u qkxλ v qm−kxλ
m∑
j=m−k
λm−j
(
j
k
)(
k
m−j
)
uj
(replacing i by m−j
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=
∞∑
m=0
∞∑
j=0
m∑
k=m−j
u qkxλ v qm−kxλ λm−j
(
j
k
)(
k
m−j
)
uj
exchanging the second and the third sum
=
∞∑
j=0
( ∞∑
m=j
m∑
k=m−j
u qkxλ v qm−kxλ λm−j
(
j
k
)(
k
m−j
))
uj
exchanging the ﬁrst and the second sum	
Since
(
k
m−j
)
=0 for m>k+j and
(
j
k
)
=0 for k>j, we have
∞∑
m=j
m∑
k=m−j
u qkxλ v qm−kxλ λm−j
(
j
k
)(
k
m−j
)
=
2j∑
m=j
m∑
k=m−j
λm−j
(
j
k
)(
k
m−j
)
u qkxλ v qm−kxλ
=
j∑
t=0
t+j∑
k=t
λt
(
j
k
)(
k
t
)
u qkxλ v qt+j−kxλ
replacing m by t+j
=
j∑
t=0
j∑
k=0
λt
(
j
k
)(
k
t
)
u qkxλ v qt+j−kxλ
(
k<t⇒
(
k
t
)
=0 and k>j⇒
(
j
k
)
=0
)
	
Thus
uv=
∞∑
j=0
( j∑
t=0
j∑
k=0
λt
(
j
k
)(
k
t
)
u qkxλ v qt+j−kxλ
)
uj	
Applying this to qnx and using Eq. (2), we have
uv qnxλ =
n∑
t=0
n∑
k=0
λt
(
n
k
)(
k
t
)
u qkxλ v qn+t−kxλ	
Exchanging u and v in the equation, we have
uv qnxλ =vu qnxλ
=
n∑
t=0
n∑
k=0
λt
(
n
k
)(
k
t
)
v qkxλ u qn+t−kxλ
=
n∑
t=0
n∑
k=0
λt
(
n
k
)(
k
t
)
u qn+t−kxλ v qkxλ	
This proves the proposition.
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Proposition 2.6. Let pnx⊂C be a sequence of λ-binomial type
and let u and v be in UλC. Then
uv pnxλ =
n∑
i=0
n∑
j=0
λi
(
n
j
)(
j
i
)
u pn+i−jxλ v pjxλ	
Proof. We follow the case when λ=0 [14]. Let Cxy be the
C-module of power series in the variables x and y. Since Cxy∼=
Cx⊗C Cy and qnx is a pseudo-basis of Cx, elements of the
form qixqjyij∈ form a pseudo-basis of Cxy. Thus any element
pxy of Cxy can be expressed uniquely in the form
pxy=∑
ij
cijqixqjy cij ∈C	
For u∈UλC, deﬁne
uxpxy=
∑
ij
ciju qixλ qjy
and
uypxy=
∑
ij
cijqixu qjyλ	
Then by Proposition 2.5 and the fact that qnx is a λ-binomial sequence,
we have
uv qnxλ =
n∑
i=0
n∑
j=0
λi
(
n
j
)(
j
i
)
u qn+i−jxλ v qjxλ
=uxvyqnx+y	
Since qnx is a basis of C, by the C-linearity of the maps uv  λ  ux
and vy , we have
uv pxλ =uxvypx+y
for any px∈C. Since pnx is of λ-binomial type, we obtain
uv pnxλ =uxvypnx+y
=uxvy
( n∑
i=0
n∑
j=0
λi
(
n
j
)(
j
i
)
pn+i−jxpjy
)
=
n∑
i=0
n∑
j=0
λi
(
n
j
)(
j
i
)
u pn+i−jxλ v pjxλ 	
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Let c be in C. Deﬁne the shift operator Ec on C by
Ecf x=f x+c	
An operator L on C is called shift invariant if
EcL=LEc ∀ c∈C	
Proposition 2.7. The elements in UλC, regarded as operators on C,
are shift invariant.
Proof. We only need to check that the uk are shift invariant when
applied to qnx. Then since qnx is a basis of C, uk is shift invari-
ant on C. Since uk is a pseudo-basis of UλC, we see further that every
element in UλC is shift invariant on C, as is needed.
Fix kn≥0. We have
Ecukqnx=
k∑
s=0
λs
(
n
k
)(
k
s
)
qn−k+sn+c
=
k∑
s=0
λs
(
n
k
)(
k
s
)n−k+s∑
=0
(
n−k+s
i
)(
i

)
qn−k+s+−iqic
=
n∑
i=0
k∑
s=0
n∑
=0
λs+
(
n
k
)(
k
s
)(
n−k+s
i
)(
i

)
qn++s−k−iqic
=
n∑
i=0
n+k∑
w=0
λw
(
n
k
) w∑
s=0
(
k
s
)(
n−k+s
i
)(
i
w−s
)
qn+w−k−ixqic
letting w=+s	
Also
ukE
cqnx=ukqnx+c
=uk
n∑
=0
λ
n∑
i=0
(
n
i
)(
i

)
qn+−ixqic
=
n∑
=0
λ
n∑
i=0
(
n
i
)(
i

) k∑
s=0
λs
(
n+−i
k
)(
k
s
)
qn+−i−k+sqic
=
n∑
i=0
k∑
s=0
n∑
=0
λ+s
(
n
i
)(
i

)(
n+−i
k
)(
k
s
)
qn+−i−k+sqic
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=
n∑
i=0
n+k∑
w=0
λw
(
n
k
) w∑
s=0
(
n+w−s−i
w−s
)(
n−k
i−w+s
)(
k
s
)
qn+w−i−kqic
letting w=+s
=
n∑
i=0
n+k∑
w=0
λw
(
n
k
) w∑
s=0
(
k
w−s
)(
n+s−i
s
)(
n−k
i−s
)
qn+w−i−kqic
replacing s by w−s	
Thus we only need to prove
w∑
s=0
(
k
s
)(
n−k+s
i
)(
i
w−s
)
=
w∑
s=0
(
k
w−s
)(
n+s−i
s
)(
n−k
i−s
)
(5)
for nkiw≥0. With the help of the Zeilberger algorithm [12], we can
verify that both sides of the equation satisfy the same recursive relation
(k+i−w∗k−n+i−w−1
+k2−k∗n+k∗i−3∗k∗w−n∗i+2∗n∗w+i2−3∗i∗w
+2∗w2−4∗k+2∗n−4∗i+5∗w+3∗W
−w+2∗k−n+i−w−2∗W 2)Fnkiw=0
for nki≥0. Here W is the shift operator WFnkiw=Fnkiw+1.
We can also easily verify Eq. (5) directly for w=01. Therefore Eq. (5) is
veriﬁed. This completes the proof of Proposition 2.7.
2.3. Sequences of λ-Binomial Type and Baxter Bases
Now we are ready to state our main theorem in the theory of the λ-umbral
calculus.
Theorem 2.8. Let pnxn∈ be a basis of C. The following state-
ments are equivalent.
(1) The sequence pnx is a sequence of λ-binomial type.
(2) The sequence pnx is the dual basis of a λ-divided power pseudo-
basis of UλC.
(3) For all u and v in UλC,
uv pnxλ =
n∑
i=0
n∑
j=0
λi
(
n
j
)(
j
i
)
u pn+i−jxλ v pjxλ 	
Remark 2.1. As in the case when λ=0, the third statement in the
theorem has the following interpretation in terms of coalgebra.
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(3′) The C-linear map qnx →pnx n∈ deﬁnes an automor-
phism of the C-coalgebra C. Here the coproduct
" C→C⊗C
is deﬁned by ﬁrst assigning
"qnx=
n∑
i=0
n∑
j=0
λi
(
n
j
)(
j
i
)
qn+i−jx⊗qjx n∈
and then extend " to C by C-linearity.
Proof. 1⇒3 has been proved in Proposition 2.6.
3⇒2	 Let vn be the dual basis of pnx in UλC. Then we have
vmvn pkxλ =
k∑
i=0
k∑
j=0
λi
(
k
j
)(
j
i
)
vm pk+i−jxλ vn pjxλ
=
k∑
i=0
k∑
j=0
λi
(
k
j
)(
j
i
)
δmk+i−jδnj
=
k∑
i=0
λi
(
k
m
)(
m
i
)
δmk+i−n δnj=0 for j =m
=
k∑
i=0
λi
(
k
m
)(
m
i
)
δm+n−ki
=λm+n−k
(
k
m
)(
m
m+n−k
)
	
On the other hand,〈 m∑
i=0
λi
(
m+n−i
m
)(
m
i
)
vm+n−i
∣∣∣∣pkx
〉
λ
=
m∑
i=0
λi
(
m+n−i
m
)(
m
i
)
δm+n−ik
=
m∑
i=0
λi
(
m+n−i
m
)(
m
i
)
δm+n−ki
=λm+n−k
(
k
m
)(
m
m+n−k
)
	
So by Lemma 2.2,
vmvn=
m∑
i=0
λi
(
m+n−i
m
)(
m
i
)
vm+n−i
and vn is a λ-divided power pseudo-basis of UλC.
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2⇒1	 Let pnx be the dual basis of a λ-divided pseudo-basis vn
of UλC. Let y be a variable and consider the C-algebra C1=def Cy.
Regarding pnx as elements in C1x, the sequence pnx is still of
λ-binomial type. Also, let
UλC1=
∏
n∈
C1un
be the C1-algebra obtained from UλC by scalar extension. Then vn is also a
λ-divided power pseudo-basis of UλC1. Further, the C-linear perfect pairing
(2) extends to a C1-linear perfect pairing between C1 and UλC1. Under
this pairing, pnx is still the dual basis of vn. Note that all previous
results apply when C is replaced by C1 since we did not put any restrictions
on C. With this in mind, we have
pnx+y=
∞∑
k=0
uk pnx+yλ pkx Lemma 2.3
=
∞∑
k=0
uk Eypnxλ pkx deﬁnition of Ey
=
∞∑
k=0
ukEy pnxλ pkx Eq. (3)
=
∞∑
k=0
Eyuk pnxλ pkx Proposition 2.7
=
∞∑
k=0
Ey ukpnxλ pkx Eq. 3
=
∞∑
k=0
〈
Ey
∣∣∣∣
k∑
i=0
λi
(
n
k
)(
k
i
)
pn−k+ix
〉
λ
pkx Proposition 2.4
=
∞∑
k=0
k∑
i=0
λi
(
n
k
)(
k
i
)
pn−k+iypkx deﬁnition of Ey
=
n∑
k=0
n∑
i=0
λi
(
n
k
)(
k
i
)
pn−k+iypkx
(
k>n⇒
(
n
k
)
=0 i>k⇒
(
k
i
)
=0
)
=
n∑
i=0
n∑
k=0
λi
(
n
k
)(
k
i
)
pkxpn+i−ky exchanging the sums	
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3. λ-BINOMIAL SEQUENCES IN Cx
In this section we study λ-binomial sequences in C when C is a
-algebra C. We show that UλC is isomorphic to Ct regardless of λ.
We further show that the pairing in the λ-umbral calculus and the pairing
in the classical umbral calculus (when λ=0) are compatible. The situa-
tion is quite different when C is not a -algebra and will be studied in a
subsequent paper.
3.1. The λ-Umbral Algebra and λ-Divided Powers
We ﬁrst describe the λ-umbral algebra UλC.
Deﬁnition 3.1. An power series f t∈Ct is call delta if degf =1,
that is, f t=∑∞k=1aktk with a1 =0.
Proposition 3.2. (1) Let f t be a delta series. Then
τnf tdef=
f tf t−λ···f t−λn−1
n!
 n≥0
form a λ-divided power pseudo-basis for Ct.
(2) The map
Ct→UλCτnt=
tt−λ···t−λn−1
n!
→ tn n≥0
identiﬁes Ct with the λ-umbral algebra UλC.
Proof. (1) Since f t is delta, we have degτnf =n. So the τnf t
form a pseudo-basis for Ct. Thus we only need to show that the pseudo-
basis is a λ-divided power series. For this we prove by induction on m∈
that, for any n∈,
τmf tτnf t=
m∑
k=0
(
m+n−k
m
)(
m
k
)
λkτm+n−kf t	 (6)
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The equation clearly holds for m=0. Assume that Eq. (6) holds for an
m∈ and all n∈. Then for any n∈, we have
m+1∑
k=0
(
m+n+1−k
m+1
)(
m+1
k
)
λkτm+n+1−kf t
=
m+1∑
k=0
(
m+n+1−k
m+1
)(
m
k
)
λkτm+n+1−kf t
+
m+1∑
k=0
(
m+n+1−k
m+1
)(
m
k−1
)
λkτm+n+1−kf t
=
m∑
k=0
(
m+n+1−k
m+1
)(
m+1
k
)
λkτm+n+1−kf t
+
m∑
k=0
(
m+n−k
m+1
)(
m+1
k
)
λk+1τm+n−kf t
=
m∑
k=0
(
m+n−k
m
)(
m
k
)
λkτm+n−kf t
(
f t−m+n−kλ
m+1
)
+
m∑
k=0
(
m+n−k
m
)(
m
k
)
λkτm+n−kf t
( n−kλ
m+1
)
=
m∑
k=0
(
m+n−k
m
)(
m
k
)
λkτm+n−kf t
×
(
f t−m+n−kλ
m+1 −
n−kλ
m+1
)
= τmf tτnf t
(
f t−mλ
m+1
)
= τm+1f tτnf t	
This completes the induction.
(2) The statement is clear since τλntn is a λ-divided power
pseudo-basis.
We next construct a sequence of λ-binomial type. For a given λ∈C, we
use eλx=eλx−1/λ to denote the series
∑∞
k=1λk−1xk/k!	 When λ=0,
we have eλx=x.
Proposition 3.3. Let C be a -algebra. enλxn is a λ-binomial pseudo-
basis for Cx.
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Proof. We prove the equation
enλx+c=
n∑
k=0
λk
n∑
i=0
(
n
i
)(
i
k
)
en+k−iλ xeiλc ∀c∈Cn∈ (7)
by induction. Clearly Eq. (7) holds for n=0. It is also easy to verify the
equation
eλx+c=eλx+eλc+λeλxeλc
which is Eq. (7) when n=1. Using this and the induction hypothesis, we
get
en+1λ x+c=ex+c
n∑
k=0
λk
n∑
i=0
(
n
i
)(
i
k
)
en+k−iλ xeiλc
=
n∑
k=0
λk
n∑
i=0
(
n
i
)(
i
k
)[
en+1+k−iλ xeiλc+en+k−iλ xei+1λ c
+λen+1+k−iλ ei+1λ c
]
=
n∑
k=0
λk
n∑
i=0
(
n
i
)(
i
k
)
en+1+k−iλ xeiλc
+
n∑
k=0
λk
n+1∑
i=1
(
n
i−1
)(
i−1
k
)
en+1+k−iλ xeiλc
+
n+1∑
k=1
λk
k+1∑
i=1
(
n
i−1
)(
i−1
k
)
en+2+k−iλ e
i
λc
=
n+1∑
i=0
((
n
i
)
+
(
n
i−1
))
en+1−iλ xeiλc
+
n∑
k=1
λk
[
en+1λ x+
n∑
i=1
((
n
i
)(
i
k
)
+
(
n
i−1
)(
i−1
k
)
+
(
n
i−1
)(
i−1
k−1
))
en+1+k−iλ xeiλc
+
((
n
k
)
+
(
n
k−1
))
ekλxen+1λ c
]
+λn+1
n+1∑
i=0
(
n
i−1
)(
i−1
n
)
e2n+2−iλ xeiλc
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=
n+1∑
i=0
(
n+1
i
)
en+1−iλ xeiλc
+
n∑
k=1
λk
n+1∑
i=0
(
n+1
i
)(
i
k
)
en+1+k−iλ xeiλc
+λn+1
n+1∑
i=0
(
n+1
i
)(
i
n+1
)
e2n+2−iλ xeiλc
=
n+1∑
k=0
λk
n+1∑
i=0
(
n+1
i
)(
i
k
)
en+1+k−iλ xeiλc	
Thus Eq. (7) is proved.
Thus we can use the λ-binomial pseudo-basis =enλx of Cx and
the λ-divided power pseudo-basis
τnt=
tt−a···t−an−1
n!
 n≥0
of Ct to deﬁne the pairing
 λ UλC×C→C
as is described in Eq. (2).
Deﬁnition 3.4. Let f t∈Ct be a delta series. The dual basis of
τnf tn in C is called the associated sequence for f t.
We show that every λ-binomial sequence is associated to a delta power
series, as in the case when λ=0.
Theorem 3.5. Let C be a -algebra. Let snxn be a basis of C.
Then snx is a sequence of λ-binomial type if and only if snx is the
associated sequence of a delta series f t in Ct.
Proof. If snx is the associated sequence of a delta series f t, then
by Theorem 2.8 and Proposition 3.2, snx is a λ-binomial sequence.
Conversely, let snx be a λ-binomial sequence and let fnt be the
dual basis of snx in Ct. It follows from Theorem 2.8 that fnt is
a λ-divided power series. We only need to show
(1) f1t is a delta series, and
(2) fnt=τnf1t∀n≥0	
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We ﬁrst prove (2) by induction. Since fnt is a λ-divided power basis,
we have
fmtfnt=
m∑
k=0
(
m+n−k
m
)(
m
k
)
λkfm+n−kt	
Taking m=n=0, we have f0tf0t=f0t. Thus f0t=1. Assuming
fnt=τnf1t, from fntf1t=fn+1t+nλfnt we have
fn+1t=fntf1t−nλ=τnf1tf1t−nλ=τn+1f1t	
This proves (2). Then (1) follows since if f1t is not a delta series, then
τnf t cannot be a pseudo-basis of Ct.
3.2. Compatibility of λ-Calculi
We now show that, for any given λ∈C, the λ-umbral calculus is com-
patible with the classical umbral calculus (when λ=0). The compatibility is
in the following sense. Since xn and =qn are pseudo-basis of Cx,
the pairings
0 Ct⊗Cx→C
and
λ Ct⊗C→C
extend to pairings
0 Ct⊗Cx→C
and
λ Ct⊗Cx→C	
Deﬁnition 3.6. We say that 0 and λ are compatible if
0=λ	
Theorem 3.7. The pairings
0 Ct⊗Cx→C
and
λ Ct⊗Cx→C
are compatible.
This theorem has the following immediate consequence.
baxter algebras and the umbral calculus 425
Corollary 3.8. Let C be a -algebra. A pseudo-basis pnx of Cx
is of λ-binomial type if and only if it is the dual basis of a λ-divided power
pseudo-basis of Ct under the pairing 0.
Proof of Theorem 3.7. Since τλntn is a basis of Ct and ekλxk
is a pseudo-basis of Cx, we only need to prove
τλnt ekλx0=δnk n k≥0	 (8)
We will prove this equation by induction on n. When n=0, τλnt=1. Since
degeλx=1, we have τλ0t  ekλx0=δ0k. Assume that Eq. (8) holds
for an n≥0 and all k≥0. Then we have
[
τλn+1t ekλx
]
0
=
[
t
n+1τλnt−
nλ
n+1τλnt e
k
λx
]
0
= 1
n+1
[
tτλnt ekλx
]
0−
nλ
n+1
[
τλnt ekλx
]
0
= 1
n+1
[
tτλnt ekλx
]
0−
nλ
n+1δnk	
By [13, Theorem 2.2.5], we have
[
tτλnt ekλx
]
0=
[
τλnt 
d
dx
ekλx
]
0
	
Since
d
dx
ekλx=kek−1λ xeλx=λkekλx+kek−1λ x
we have
[
τλn+1t  ekλx
]
0
= 1
n+1
[
τλnt λkekλx+kek−1λ x
]
0−
nλ
n+1δnk
= λk
n+1δnk+
k
n+1δnk−1−
nλ
n+1δnk
= λk−n
n+1 δnk+
k
n+1δnk−1
= δn+1k	
This completes the induction.
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